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1 Basic Integrals to Remember

/x"dx = ix"“ +C
n+1
sin (z) de = —cos (z) + C
cos (z) dx = sin (z) + C
tan () dz = —In|cos (z)| + C or In|sec(x)| + C
cse () dx = —In |esc (x) + cot (z)| + C

sec (z) dz = In|sec (z) + tan (z)| + C

cot (z)dx =In|sin (z)| + C or —1In|csc(z)|+C
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e“de =¢e*+C

(z)dx = zlog, (z) — ﬁx +C
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In(z)dr=2In(x) —x+C
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2 Advanced Integrals to Remember
s 1 1
sec®(x)dx = 3 sec(z) tan(x) + 3 In [sec(z) + tan(z)| + C
/arcsin(m)dm = zarcsin(z) + V1 —224+C
/arccos(x)dat = zarccos(z) — V1 —a2+C
1 2
arctan(z)dz = z arctan(z) — 3 In(z*+1)+C
1 a?
Va2 + a?dr = 5% x2—|—a2+?ln’ x2—|—a2—|—x‘ +C
1 2
/\/mz—anmz 53@\/3:2 —a? — %ln’ x2—a2—|—a:‘ +C
/\/ —22dx = —arcsm( ) + x\/a2 —224C

1 1
/mdl‘ = g arctan (g) + C

1 1 Tr—a
——dr = —1 C
/xQ—azx 2anx+a+
1 1 a-+x

/\/mdx—ln‘x—kx/xQ—i—aQ’—i—C
2 +a

/ 7_adx—ln‘:c+m’+0

/ azil_ p T = arcsin ( ) +C

n n

/sin"(m)dw _ 1 sin" ! () cos(z) + n-l /sm“ 2(2)dx

/cos"(x)dx _ 1 cos" ! (z) sin(z) + n-l /cos"_2(x)dx
n n



3 The 100 Integrals

Problem 1
1
| Farat
Substituting
u=+x
1
du= ——d
yields:
1
- / LIS
1+ u?

This integral is standard:
= 2arctan(u) + C

Undoing the substitution(s):

= 2arctan (v/z) + C

Problem 2
/ sec? (z) da
1+ tan (z)
Substituting
u =1+ tan(z)
du = sec?(x)dx
yields:

1
:/fdu
U

=Inju|+C

This integral is standard:

Undoing the substitution(s):

=In|l +tan(z)| + C



Problem 3
/sin (z) sec (z) dx

- [ e

u = cos(x)

Rewriting the integral:

Substituting

du = —sin(z)dz
= —/ldu
u
= f/IH\u| +C

= —In|cos(z)| + C

yields:

This integral is standard:

Undoing the substitution(s):

Problem 4
[t
Substituting
u = csc(x)
du = — csc(x) cot(x)dx
vields:

1
S (S
/1—|—u2 b

= —arctan(u) + C

This integral is standard:

Undoing the substitution(s):

= —arctan(csc(z)) + C



Problem 5

t
/ an (z) I
cos? (x)
Rewriting the integral:
= /tan(m) sec?(x)dx
Substituting
u = tan(x)
du = sec?(x)dx
Yields:

This integral is standard:

Undoing the substitution(s):

Problem 6

Rewriting the integral:

Substituting

Yields:



Both integrals are standard:

1
:—§u3—u—|—0

Undoing the substitution(s):
1

=-3 cot®(z) — cot(z) + C

Problem 7
/;v tan? (z) dz

Rewriting the integral:

- / 2(sec(z) — 1)dz

= /xsecQ(x)dx—/xdx

Using integration by parts where

U=z v = tan(z)

du = dx dv = sec’(z)dx

yields:
= ztan(z) — /tan(x)dx - /xdx

Both integrals are standard:

1
= ztan(x) + In|cos(z)| — 5:1:2 +C

Problem 8
/xQ cos? (x) dx

:/m2 <1+C(;s(2x)>dx

%/m2(1+cos(2x))d:v

1 1
5/1‘2(13:—&— 5/952 cos(2x)dx

Using integration by parts where

Rewriting the integral:



Sign | D I
+ [ 2% ] cos(2z)
2z | sin(2z)

)+c

+ | 2 | —%cos(2z)
- 0 1 sin(2x)
8
yields:
1y 11, 1 1.
=52 + 5 <2x sin(2zx) + 2xcos(2:v) 1 sin(2x)
1 1 1 1
= 6$3 + 1:52 sin(2z) + i cos(2x) — 3 sin(2x) + C
Problem 9

/gc5 V2 —a3dx
Rewriting the integral:

= /:L'2 c234/2 — x3dx

Substituting

u=2—23

2 —u=a3
—du = 32%dx
yields:

1
T3

- _%/ (2\/ﬁ—u3/2) du

2 1
:—g/\/ﬂdu—&—g/u‘?mdu

Both integrals are standard:

/(2 —u)vudu

A g 2 5
= gu +15u +C

Undoing the substitution(s):

4 2
_ _§(2 _ $3)3/2 + E(Q _ .%‘3)5/2 +C



Problem 10

1
R —
/\/x2+4 v

This integral is standard:

zln’z+\/z2+4‘ +C
Problem 11

22
/ S
V25 + x2

Rewriting the integral:
2
_ / S S—
V2B(+(5)7)

1/ x? d
= — Ey—— 4
3 VITGr
Substituting

X
tanf = =
an 5

S5tanf =z
5sec? df = dx

yields:

B (5tan6)?
V1 +tan? 6

tan? 0 sec?

Vsec? f

=25 /(sec2 6 — 1) sec0do

sec? Adf
=25 de
=25 /(sec3 0 — sec)dl

= 25/sec3 0de — 25/sec 0deo



Both integrals are standard:

1 1
=25 <2sec€tan9+ 21nsec€+tan9|) —25In |secf + tanf| + C

25 25
= ?secﬂtaHH—i— ?ln|sec9+tan9\ —25In |secf + tanf| + C

25 25
= ?seCGtane - ?ln|sec9+tan6‘\ +C
Undoing the substitution(s):

25 ViP5 x 25, ‘\/3324-25_’_30
25 va©+25 L|VELAD T
5

) 5 5 2 5

1 9
§x\/x2+25—551n‘\/x2+25+x’+0

+C

Problem 12
/cos (z)\/4 — sin? (z)dx
Substituting
u = sin(x)
du = cos(x)dx
yields:

:/mdu

This integral is standard:

1
= 2 arcsin (%) + iu\/4 —u2+C

Undoing the substitution(s):

i 1
= 2arcsin <Sm2($)) + 3 sin(x)y/4 — sin?(z) + C

Problem 13

1
—d
/9:2—50+1 v



Rewriting the integral:

1
= —d
/xQ—er}ﬁj !
1
/4mzf4x+1+3 v

1
:4/(2$71)2+3

Substituting
u=2zx—1
du = 2dz
yields:
1
- / =Y
u?+3
This integral is standard:
2 U
= —arctan| —= | +C
e ()

Undoing the substitution(s):

2 arcta <2$1)+C
= — arctan
V3 V3

Problem 14
/ Va2 4+ x4+ 1ldz

1 3
:/1/x2+x+1+zdaj

1
5/\/4x2+4x+1+3¢ia:

Rewriting the integral:

:%/\/(2x+1)2+3dm

Substituting:
u=2r+1

du = 2dx

10



yields:
1
= Z / \V4 U2 + 3du

This integral is standard:

1/1 3
4(2u u2+3+21n‘\/u2+3+u‘)+0

3
Undoing the substitution(s):

2 1 3
= x8+ 4x2+4x+4+gln‘\/4x2+4x+4+2x+1‘+C’

1 3
= —u u2+3+§ln‘\/u2+3+u’+0

Problem 15

/ S5z + 31 d
——dzx
322 —4x + 11
Rewriting the integral:
5r — E + @
= [ 323 dz
/ 312 —4x+11

_5/ 6z — 4 103
T 6) 322-— 4:c+11 9

—dz
22— 3z + 1—1

_§/ 6z — 4 103/ "
T 6) 322-— 4+11 9 ?—3z+5+%

%/3x26x4 I TR 9x2—12x+4+29dx
- % / 322 6x4x du +103 3z —2)2 +29
Substituting:
u =3z —4a + 11 v=3r—2
du = (6x — 4)dx dv = 3dz
yields:

5/ 1 n 103/ 1 d
== -4+ — | ——dv
6) u 3 v2 +29
Both integrals are standard:

= §ln lu| + 103 arctan <U> +C
6 3v29 V29

11



Undoing the substitution(s):

1
= gln|3:r2 —4x + 11| + 03 arctan <3

3v/29

Problem 16

4
x +1dz
2 4+ 2

_/1:4—|—2x2—2x2—4+5

Rewriting the integral:

o dx

) dx

5
— 2_94 =
/(x —|—x2+2>daj
9 1
= [a2°de—2 [ dz+5 -5 dx
x? + 2

All three integrals are standard:

14 ) x
= -2’ —2x+ —arctan | —= | + C
3 V2 <ﬂ>

:/xQ(x2+2)—2($2+2)+5

Problem 17
1
—d
/ 5+ 4cos () o
Substituting
z
u = tan <§>
du = 1sec2 <E> dxr
2 2
1 2
du = J;u dx
2
Tpete=de

12




yields:

:2/ ! . 1 du
sa () 10
:2/5(1+u2)i4(17u2)du
- /5+5u2i4—4u2d”
:2/9+17u2du

This integral is standard:
2 U
= —arct (—) C
3 arctan 3 +

Undoing the substitution(s):

2 tan(Z
= 3arctan( an(2)> +C

3
Problem 18
/ Vo dzx
1+
Substituting
tand = \/z
tan?0 = z
2 tan 0 sec? 0df = dx
yields:
tan 6
=2 / LQ tan 6 sec? 6d6
1+ tan“ 6
tan? 0 sec? 0
= —df
/ sec2 0

:2/(86020—1)(19

:2/86029—2/d¢9

13



Both integrals are standard:
=2tanf — 20+ C
Undoing the substitution(s):

= 2/z — 2arctan (vz) + C

Problem 19
[ 28w
4 — sin® ()
Substituting
u = sin(x)
du = cos(z)dx
yields:

1
:/md“

—lln 2tu
T4

This integral is standard:

+C

2—u

Undoing the substitution(s):

1 ‘2+sin($) Lo

= —1 _—
. 2 — sin(x)

Problem 20

J

:/2cos2(x) _1da:

cos(x)

Rewriting the integral:

= /(2 cos(x) — sec(x))dx

= Q/COS(x)dx—/sec(x)dx

Both integrals are standard:

= 2sin(x) — In|sec(z) + tan(z)| + C

14



Problem 21

tan (x
[ et
Substituting
u = —In(cos(x))
du = tan(z)dzx
yields:

1
:—/fdu
U

=—Inju|+C

This integral is standard:

Undoing the substitution(s):

= —In|—In(cos(x))| + C

Problem 22
x7 J
V1—zt v
Rewriting the integral:
z3 -zt
-
Substituting:
uw=1-—2z2*
1—u=2a*
—du = 423dx
Yields:
1 [1—-u
=—= | —d
4 Vu “

= _i/ (u_1/2 - ﬂ) du

1 1
:—Z/u_lmdu—i—z/\/ﬂdu

Both integrals are standard:

1 1
= SVt w4 C

15



Undoing the substitution(s):

1 1
= —— 1_$4+6(1_$4)3/2+C

2
Problem 23
/111 (1+2)dx
Substituting
u=1+z

du =dz
Yields:

= /ln(u)du
This integral is standard:

=uln(u) —u+C

Undoing the substitution(s):

=1+2z)ln(l+2z)-1+2)+C

Problem 24
/ x arcsec (z) dz
Using integration by parts where
Lo
u = arcsec(x) V=g
1
du = dx dv = xdx
zvr? —1
yields:
1 1
= 5;32 arcsec(zx) — 3 / \/%dx
Substituting
w=z%-1
dw = 2xdx
yields:
1 1
=— | —d
1 / Vo't

16



This integral is standard:
1, 1
=5 arcsec(x) — 5\/54— C
Undoing the substitution(s):

1 1
= §x2 arcsec(zr) — 3V x2-1+C

Problem 25
/ Va2 + 9dx

This integral is standard:

1 9
:ix x2+9+§ln’\/x2+9+x‘+0

Problem 26
2
———dx
V4 — 2
Rewriting the integral:
2
= / x dx
A(1-%)
1 2
:v — dx
2] V=)
Substituting
sinf = z
2
2sinf = x
2 cosfdf = dx

17



yields:

:/(281n9)20059d0

1—sin?0

2 .
_ 4 sin GCObﬁdQ
vcos? 0

=4 / sin® 6do

:2/(1—60529)d9
:2/d9—2/00829d9

u =20

Substituting

du = 2d0

= 2/d07/cos(u)du

Both integrals are standard:

yields:

=20 —sin(u) + C
Undoing the substitution(s):
=260 —sin(20) + C

=20 —2sinfcosf + C

+C

LT x V4 —z?
:2arcs1n(§)—2-§- 5

= 2arcsin (g) 1:5\/4—962—1—0

2
Problem 27

/ \V2x — x2dx

18



Rewriting the integral:

:/\/1—1+2x—x2dx

:/\/1—(1—2x+m2)dm
:/mdx

Substituting:
u=1—-=xz
du = —dz
yields:
=— / Mdu

This integral is standard:

1 1
=5 arcsin(u) — FUV 1—u2+C

Undoing the substitution(s):
1 1
=-3 arcsin(l — z) — 5(1 — )2z —224C

Problem 28

4o — 2
/ z dx
[

Qo — 2
:/x<x—1><x+1>dw

Using partial fraction decomposition

/<A - . )
= —+ + dz
r x—1 x+1

where A, B,C € R yields:
2 1 -3
= - d
/<x+x—1+x+1)x
1 1 1
:2/fda:+/ daz—S/ dzx
x x—1 r+1

19

Factoring the integral:




Substituting
u=z—1 v=x+1

du = dzx dv = dx

1 1 1
2/fdx+/fdu—3/fdv
X u v

All integrals are standard:

yields:

=2Inlz|+In|ul —3nv|+C

2

=1In % +C
v
Undoing the substitution(s):
2?(x —1)
=In|—|+C
@+ | "

Problem 29

4
T
/x2_2da:

/x4—2x2+2z2—4—|—4
= dx
x2 —2

_/ x4—2x2+2x2—4+ 4 p
- 2 -2 2 -2 2 -2 v
2% (2% - 2) 2(x? — 2) 1

1
:/xde—l—?/dx—i—él/ 5 dx
2 — 2

All three integrals are standard:

Rewriting the integral:

1, m—x/i
= -z —1—21;—1—\/5111
3 T4+ V2

+C

Problem 30

/ sec (z) tan () da

sec () + sec? (x)

20



Rewriting the integral:

:/ tan(z) .cos(ac)daj

1+ sec(z) cos(x)

= / C()Zl(z()xj_ldx
Substituting
u = cos(x) + 1
du = —sin(z)dz
yields:

1
:—/fdu
u

=—Infu|+C

This integral is standard:
Undoing the substitution(s):

= —Injcos(z) + 1|+ C
Problem 31

x
PRI A
(x2+22x+2)

Rewriting the integral:

_/ z d
) (@242 +1+1)2 v

= /;dx
((x+1)2+1)2
Substituting
tanf =z +1
tanf — 1=z
sec? 0df = dx

21



yields:

tanf — 1 9
:/(tanQe—‘,—l)Qsec 0do

sec20  cos26

_/tan9—1 cos? 6

= / (sin 6 cos 6 — cos? 9)

:/(SiHOCOSG—m;S%> de
. 1 1
:/smﬁcosﬁdﬁfi/dﬂfi/cos%dﬂ

u = sin v =20

Substituting:

du = cos 0d6 dv = 2d0

1 1
7/uduf§/d971/cos(u)du

All three integrals are standard:

yields:

1 1 1

Undoing the substitution(s):

1 1 1
=§sin29—§e—isin29+c

1 1 1
= Zgin?0 — =0 — §sin9(;os€—|—0

2 2
2
1 rz+1 1 1 z+1 1
== | ——=———— ) —zarctan(z+1)— - : +C
2(\/;102+2x+2) 2 ( ) 2 VaZ+2r+2 VaZ+2r+2
2?2 +2x+1 r+1 1

_ _ — —arct H+C
ST+ izt i@+

2+ 1
Gy p— 2arcan(:v+ )+ C

22



Problem 32

Substituting
w =V
ut = Yz
uw® =
u'? =2
120t du = dx
yields:

U4
= / le’ulldu

ul2
=12 | ———d
/u3—|—1 Y

Performing long division on the integral yields:

1
:12/ W+ —14+ —— ) du
ud + 1

: 1
:12/ugduf12/u6du+12/u3du712/du+12/37du
u® +1

Factoring the last integral:

1
‘12/<u+1><u2—u+1>d“

Using partial fraction decomposition

:12/ A n Bu+C du
u+1 w2—u+1

where A, B, C € R yields:

1 1 2
= _7u_|_7
=12 . i3 )d
/<u+1+u2—u—|—1 “
1 u—2
/u+1u /u27u+1u

23




Rewriting the second integral:

1 —_1_3
:4/ duf4/u272du
u+1 w2 —u+1
:4/ 1 du — /
u+1
74/ L g —2/7(1 +6
N u+1 v w2 —u+1 Y

:4/ 1 du — 2
u+1
1
:4/ du —
u+1

Substituting

v=u+1 w=u?—u+1 y=2u—1

dv = du dw = (2u — 1)du dy = 2du

1 1 1
=4 | -dv-2 [ — 12
/Udv /wdw+ /y2+3dy

yields:

All three integrals are standard:

= 41n|v| — 2In|w| + 4v/3 arctan <5§> +C

=1In |v4| —1In |w2| + 4v/3 arctan <\Z/J§> +C

|2

Yy
+ 4v/3 arctan () +C
V3

The previous four integrals are also standard:
v
w2

6 12
= 5u10 — 7u7 +3ut—12u+1n

+ 4v/3 arctan (\%) +C

24



Undoing the substitution(s):

(ut+1)
(u? —u+1)2

0 12

7u7+3u4—12u—|—1n

_5,
5

_ s 12 e g 92
5 7
(/12 4 1)

+1n (21/6 — 21/12 { 1)2

9 1/12 _ 1
+ 4v/3 arctan (ac\/g) +C

Problem 33

/1+cos 2x)

d
/ +2c052 B
1

2

/secQ( )dx

= %tan(w) +C

Rewriting the integral:

This integral is standard:

Problem 34

Rewriting the integral:

This integral is standard:

—In|cot(z) + csc(x)| + C

2
+ 4\/5 arctan ( Y

V3

-1

)+c



Problem 35
/sec3 (z) tan® (z) dx

Rewriting the integral:

= /secz(x) tan? () sec(x) tan(z)dz

/secz(x)(secz(x) — 1) sec(z) tan(x)

= /(sec4(:c) —sec?(z)) sec(z) tan(x)
Substituting

u = sec(x)

du = sec(z) tan(z)dx

yields:

Both integrals are standard:

=gu - 3u3 +C
Undoing the substitution(s):
1 1
=% sec’(x) — 3 sec(z) + C

Problem 36
/x2 arctan (x) dz

Using integration by parts where

1
u = arctan(z) v = gxg
1 2
du = dx dv = z°dx
x2+1
yields:
1 1 3
= ga:?’ arctan(z) — 3 / x;i-s-l x

26



Problem 37

Substituting
u = In(x)
et =z
e'du = dx
yields:
= / ude*du
Using integration by parts where
Sign | D
+ [ wd | e
— 3u? %62“
+ 6u %62“
- 6 §€2u
+ 0 E62“

yields:

1 3 3 3
_ 57.14362“ o Zu262u + ZueQu o §62u 1+ C

Undoing the substitution(s):

1 3 3 3
= 51‘2 In®(z) — sz In?(z) + ZxQ In(x) — §x2 +C

Problem 38

1
—d
/x\/1+x2 .

Substituting

tanf =

sec? 0d0dz

27



yields:

B / sec? 6 "
tan8v/'1 + tan’ 6

:/8%29659
tan 0v/sec2 §
-zt

-
:/sirllﬁde
:/csc9d0

This integral is standard:

= —In|cot @ + cscl| + C

Undoing the substitution(s):

=—In

1+vVax2+1
T

=In

X
— |+
1+\/x2+1‘

Problem 39
/ex\/ 1+ e2rdx
Substituting

tan @ = e”

sec? 0d0 = e®dx

28

+C

C



yields:

= /5602 01 + tan? 6do

= /5602 0V'sec? do

= / sec? 0d0

1 1
= isecﬁtanG—&— §1n|sec9+tan9| +C

This integral is standard:

Undoing the substitution(s):

1 1
ziew 1+62w+§1n‘ 1+e2e+e®+C

T
/Zlas—:ﬂdglj
1
= d
/4—9& o

Problem 40

Rewriting the integral:

Substituting
u=4—-x
du = —dz
yields:
1
=— | —du
u
This integral is standard:
=—Infu|+C
Undoing the substitution(s):
=—Inj4d—z|+C
Problem 41
| =
————dx
x3vx? -9

29



Rewriting the integral:
1
— / S S
23,/9 (% — 1)
1 1
2571

Substituting
sec = =
3
3secld =x
3secOtanfdf = dx
yields:
:1/ 3secHtand a0
3J (3sech)3v/sec?f — 1
_ i/ tan 6 a0
27 ) sec?6v'tan? 6
= 2—17 /cos2 0do
1 (14 cos20)do
54
= 5—14 do + 5%/(:05296[0
Substituting
u =260
du2df
yields:

1 1
== df + m/cos(u)du

Both integrals are standard:

30



Undoing the substitution(s):

1 1
= — —— si 2
549—!— 103 sin260 + C
= i@ + L 0 0+C
= 1 sin 6 cos
—iaurcsec<f)—i-i 29 §+C’
54 3/ 54 r r
2 -9
= — arcsec <§> + 1322 +C
Problem 42
T
——dx
/ (Tz +1)"7
Substituting
u="Tr+1
1 1
—U— ==z
7
1
?du =dzx
yields:
1 %u - %
- ?/ ul? du
1 u—1
49 / ul? d
_ 1 —16 —17 d
= 1 164y /u‘”du
49 49
Both integrals are standard:
1 1
+C

= 73505 T 784ul0

Undoing the substitution(s):
1 1
- C
T35(Tz + 1) | 784(Te + 1)16

31



Problem 43
/ 472 + ¢ + 1d3[:
423 + x

_/4:v2+1+x
) w(4x2 +1)

_/ 472 +1 n T d
B (42?2 +1) (42?2 +1) v
1 1
_/(x+4x2+1>dx
1 1
_/de+/74x2+1dx

u =2

Rewriting the integral:

dz

Substituting

du = 2dx

1 1 1
/x 1‘+2/u2+1u

Both integrals are standard:

yields:

1
=lIn|z| + 3 arctan(u) + C
Undoing the substitution(s):

1
=In|z| + 3 arctan(2z) + C

Problem 44

/4x3—m+1dx
3 +1

Performing long division on the integral yields:

:/(4—;131)43:
4/dx/(x+1)£(tx;rix+1)dx

32




Using partial fraction decomposition

__/ A L Bz +C
a r+1 x22—z+1

where A, B,C € R yields:

2 2 7
:_/ 5, —3%t3 4.
z+1 a22—2x+1
B 1/ 2 20 — 7 d
T3 z+1 22—z+1 v

B g 1 d—|—1/ 20 — 7 d
T3 x—i—lx 3 xz—x+1x

21 d+1/2x—1—6d
T3 x—i—lx 3 x2—x+1x
2 1 1 2x —
:77/ d$+*/ ol 0 dx
3) z4+1 3 2 —-—xz+1 22—-24+1
2 1 1 20 — 1 1
S S PR . S MU B
3/x+1 x+3/z2—:17+1m /xQ—x—k}l—kix
2 1 1 2¢ — 1 1
S S P R R R d
3/$—|—1x+3/3:2—a:+1x /43:2—433+1+3x

2 [ 1 1 [ 201 1
S Y e T e VS |
3 x+1x+3/z2—x+1x /(2x—1)2+3‘”

Substituting

u=x+1 v=a’—x+1 w=2zr—1

du = dx dv = (22 — 1)dz dw = 2dx

2 1 1 /1 1
= —— — — — —4 _—
3/udu+3/vdv /w2+3dw

All three integrals are standard:

yields:

21||+11H 4acta(w>+0
= —-Infu| + = In|v| — —= arctan | —=
3 3 V3 V3

1 1 4 w
=——Inlu?|+=Inlv —arctan()—i—C’
]+ S a

3 3 V3
—1 n’i’ —iarctan (w> +C
3wl V3 V3

33



Undoing the substitution(s):

1 22—z +1 4 20— 1
74x+glnm \/garctan( 7 >+C’
Problem 45
/tan2 (z) sec (z) dx

Rewriting the integral:

= /(secg(gc) — 1) sec(z)dx

_ / (sec® (z) — sec(x))da

= /sec3(x)da:—/sec(x)dx

Both integrals are standard:

1 1
=3 sec(z) tan(z) + 3 In|sec(x) + tan(x) — In|sec(x) + tan(x)| + C

%sec(m) tan(z) — %ln |sec(z) — tan(z)| + C

Problem 46
/ 2+ 2z +2
———dx
(x+1)
Rewriting the integral:
/ 2?2 4+204+14+1
= | ———dx
(z+1)3

:/<x2<;+2ﬁ>+31+<x+11>3>dx
=/(E§ﬂ§§+<m+11)3>dx

1 1
= 7d 4,d
x+1 $+/(m+1)sx

Substituting
u=z+1

du = dx

34



Yields:

Both integrals are standard:

1
=1 -—+4C
n |ul e +
Undoing the substitution(s):
—lnfe + 1] !¢
-l 2z 1+ 1)
Problem 47
/ ot 420+ 2
dx
% + 2t

Rewriting the integral:

4
:/x —|—2(a:+1)dx

% + ot

= / (ﬁ(i o ;4(263:113)) de

1 1
= 9 [ —
/x+1dx+ /$4dx

u=x+1

Substituting

du = dx

1 1
:/fdu+2/—4dm
U T

Both integrals are standard:

yields:

2

Undoing the substitution(s):

2
:1n|x+1|—@+0
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Problem 48

/ 8x? —dx + 7
dzr
(224 1) (dx + 1)

Rewriting the integral:

_/8332—1—8—43:—1
) @2+ 1)da+1)

dr

/8(:E2+1)—(4x+1)
N (2 4+ 1)(4z + 1)

- / ((xzi(ﬁz)(lel 1) (a2 +4f)(+4;+1)
()
:8/4x1+1_/x21+1dx

u=4r +1

Substituting

du = 4dx

1 1
=2 ~du— | ——d
/uu /:1:2+13j

Both integrals are standard:

yields:

= 21In |u| — arctan(z) + C
Undoing the substitution(s):
= 2In |4z + 1| — arctan(x) + C
Problem 49

dx

/3x5—x4—|—2x3—12x2—2x+1
(25— 1)
Factoring the integral:
/3x5—x4+2m3—12x2—2x—|—1
((z —1)(2* +z+1))?

dx

dx

_/3x5—x4+2x3—12m2—2x—|—1
N (. —1)%(z2 + 2+ 1)?
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Using partial fraction decomposition

_/ A B, CetD  ExtF
B z—1 (=12 224+z+1 (224+z+1)2 *

where A, B,C, D, E, F € R yields:

_/ 1 1 L 2z +1 n 4 + 2 d
B z—1 (z-1)2 224+z+1 (2242+1)2 v

1 1 2z +1 2z +1
= de — | ——=d ——dz+2 | —————d
/x—lz /(m—l)Q x+/x2+x+1 v /(x2+x+1)2x

Substituting

u=x—1 v=al+z+1

du = dx dv =2z 4+ 1)dz

:/ldu—/idqu/lvarQ/idv
U u? v v?2

All four integrals are standard:

yields:

1 2
=lnlul+—+Injv|—=+C
u v

v 2u
=ln|lw|+ ——-—+C
uY U

_9
"o

= In|uv| +
uv

Undoing the substitution(s):
?+z+1-2x-1)
(x—1)(a24+2+1)

=In|(x —1)(2* + 2+ 1) + +C

2
:ln|w3—1‘+%+0

Problem 50

————dzx
xt + 422+ 8
Rewriting the integral:

—/ ac dz
T 42+ 444
xXr
=/ —- 4
/(x2+2)2+4 v
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Substituting
u=ax?+2

du = 2xdx

1 1
=— | ——d

2/u2+4 u

1
=1 arctan (%) +C

yields:

This integral is standard:

Undoing the substitution(s):

1 242
:4arctan<x + )+C’

2

Problem 51

1

/ 4+ 5cos (g:)dglj
Substituting
X
u = tan (5)
1
du = = sec? (g) dx
2
Tpetu=de

yields:

du

7/ 1 2
o 4+5<17u2) 1+u2

1+u?

1
- 2/4(1+u2) e —w)

—2/ L d
) tramz 155z ™

1
=2
/9_u2du

This integral is standard:

1

’3+u
= —In

3—u

C
3 +
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Undoing the substitution(s):

1. [3+tan($)
=—In 22 4 C
3 |3 —tan(3)
Problem 52
(1+223)°
/ 173 dzx
Substituting
w=1+z>/?
2
du = gx_1/3dx
yields:
_3 /u3/2du
2
This integral is standard:
3
= 5’(1,5/2 + C

Undoing the substitution(s):

_ g(l +a2/3)/2 4 o

Problem 53
arcsin? (z) i
V1— 22
Substituting
u = arcsin(z)
d ! d
U= ——=dx
V1— 22
yields:
= / u?du
This integral is standard:
1
= §U3 + C

Undoing the substitution(s):

1
=3 arcsin®(z) + C
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Problem 54

—1 d
/ 2572 (1 + 21/3) z

Substituting
u=z'/°
ul = /3
ub =z
uwd = 3/2
6u’du = dx
yields:

1 5
—/m“ du

1
_6/7u4(1+u2)du

Using partial fraction decomposition
/ A+B+C+D+Eu+F J
= —_— —_— — — R u
woou? o uwd o owt o w?41

where A, B,C, D, E, F € R yields:

—6/ SN
B uz  ut w41 b
1 1 1

All three integrals are standard:

6 2
= — — — +6arctan(u) + C
uou

Undoing the substitution(s):

6 2
= v ﬁ + 6 arctan <x1/6) +C
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Problem 55
/tan3 (z) dx

Rewriting the integral:

= /tanQ(x) tan(z)dx
= /(secQ(I) — 1) tan(z)dx
= /(secQ(m) tan(r) — tan(z))dz

= /secQ(:c) tan(z)dz — /tan(x)dx
Substituting

u = tan(z)

du = sec?®(x)dx

= /uduf /tan(x)dm

Both integrals are standard:

yields:

1
= §u2 +1In|cos(z)| + C
Undoing the substitution(s):

1
=3 tan?(x) + In | cos(z)| + C

Problem 56
/sin2 (z) cos* (x) dx

Rewriting the integral:

_ / (1 = cos?(x)) cos* () dx

_ / (cos’ (z) — cos®(z))dx

= /cos4(ac)dx—/0086(x)dx
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Using the reduction rule for cos™(z), it’s known that:

/cos4(x)dx = icos?’(:c) sin(z) + %/Cosz(x)dx

=1 cos®(z) sin(z) + = 5

1 3 [1 2
4/ + cos( x)dx

= 30053(90) sin(z) + g/(l + cos(2z))dx

1
=7 cos®(z) sin(z) + g/dx + g /cos(2x)dw

1 4 3 3 .
= cos (x)sin(z) + 3% + 16 sin(2z) + C

— i cos3(:c) sin(x) + gsin(x) cos(z) + Sx +C

and . 5
/COSG(a:)dx =3 cos® () sin(x) + 5 /cos4(x)dx

Rewriting the integral:

= /(3054(33)dz - %cos‘r’(a:) sin(z) — %/cos‘%x)dm
= 7é cos®(z) sin(z) + %/cos‘l(:c)dx

1 1/1
=5 cos®(z) sin(z) + 8 (4 cos®(z) sin(z) + gsin(:ﬁ) cos(z) + %m +C

S cos®(z) sin(z) + 1 cos®(z) sin(z) + 1 sin(x) cos(z) + im +C

6 24 16 16
Problem 57
re®
/ 1 + e22? v
Substituting
$2
u=ce
du = 2ze®
yields:
_1/ 1
2 ) T+ 2™



This integral is standard:

1
=3 arctan(u) + C

Undoing the substitution(s):
() v
= jarctan (e
Problem 58
3
/COb (x) i
sin (z)

/cos(x) cos?(x) de

sin(x)

Rewriting the integral:

/ cos(z)(1 = sin?(z)

sin(z)
Substituting
u = sin(x)
du = cos(x)dx
yields:

Both integrals are standard:
2 52
=2\/u — Fu+ C
Undoing the substitution(s):

= 2/sin(z) — % (sin(ac))s/2 +C
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Problem 59

Rewriting the integral:

Substituting
u=—x2
—u = 2?
—du = 2zdz
yields:
1
=5 / uedu
Using integration by parts where
Sign [ D | I
+ u | e¥
_ 1 u
+ 0| e
yields:
1 1
= §ue" — 56“ +C
Undoing the substitution(s):
1 1
= fixze*wrz 267$2 +C
Problem 60
/ sin (v/z) dx
Substituting
u=+x
u? =z
2udu = dz
yields:

_9 / wsin(u)du

Using integration by parts where
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Sign | D

+ | u | sin(u)
1 U
0

+

yields:
= —2ucos(u) + 2sin(u) + C

Undoing the substitution(s):

— —2\/5(;05 (\/E) + 2sin (\/5) +C

Problem 61
/ arcsirzl (z) da
Substituting
sinf =z
0 = sin(x)
cos 0df = dx
yields:
-t
= / u cot 6 csc 0df

Using integration by parts where

Sign | D I
+ 0 cot B csc
- 1 —csch
+ | 0 | In|csch + cot b

yields:
= —6fcsc —Inlcsch + cot 0] + C

Undoing the substitution(s):

arcsin(z) 1 V1—2a?
=———————~—ln|-+——|+C
x i R i
arcsin(z) 1+v1—2a2 e
=— —In
x x




Problem 62
/ V2 —9dzx

This integral is standard:
1 9
= ix\/xQ—Q—ﬁln’ x2—9+x‘ +C

Problem 63
/ x2Mdz
Substituting
sinf =z
cos0df = dx
yields:

sin? 6 cos 0/ 1 — sin? 0d6

sin? 6 cos 0V cos2 0do

sin® 6 cos® 0d0

Il
— — —

| =

= - /4 sin? 0 cos® 0d0

—_

=- /(25in€cost9)2d9

= i/sin2 20d0
1 1 — cos460
=1 / <2> 40

1
=3 /(1 — cos46)do

1 1
=- - = 54
8/d9 8/CO§ 0do

N
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Substituting
u =46

du = 4df

1 1
= g/dt?— ﬁ/cos(u)du

Both integrals are standard:

yields:

Undoing the substitution(s):

1 1 .
—§9—§sm49+0

1 1 .
= §9— 1—651n2900829+0

= %9 - %sin@cos 0(cos® § —sin? 0) + C
1 . 1 2 )

-3 arcsin(z) — gl‘m (M) -z ) +C
1 i 1 2 _ .2

=3 arcsin(z) — gmm(l -2 —zH+C
1 1

=3 arcsin(x) — g(x - 2x3)m+ C

Problem 64

/:17\/ 2¢ — z2dx
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Rewriting the integral:

—/(1—;(2—2;@) V27 — 22da
:/mdx_g/@_zx)mdm
:/\/mdx—%/@—%)\/m(im

:/w_(1_zx+x2>dx_%/<2_2x)mdx
:/mdx_g/@_gx)mdx

Substituting

u=1—=zx v =2 — 2>

du = —dx dv = (2 — 2z)dx
:—/Mdu—%/ﬁdv
Both integrals are standard:
= —% arcsin(u) — %um - %’U?’/Z +C
Undoing the substitution(s):

1 1— 1
=3 arcsin(l — ) — 5 T 2x — a2 — 5(233 2P

Problem 65

/ r—2 d
12 +dz 41

Rewriting the integral:

xr—2
= | —=d
/ 2z + 12"
Substituting
u=2zr+1
u—1 .
5 =
1
idu =dz

48



yields:

Both integrals are standard:
1 5
= — 1 —_
i u| + T C
Undoing the substitution(s):

1 5
= -m2e+1+——0r—tC
Fie i b Ty

1

8r + 4

Problem 66

/ 222 —5r —1
dx
3 — 222 —x+2

202 — 5 —1
_/xQ(xf2)f(:c72)dx
222 —br —1

| oo

202 — 5 — 1
:/(:c— 1)(ﬂc+1)(:c—2)dm

Using partial fraction decomposition

—/ A+B+C dzr
B r—1 x4+1 x-2

Factoring the integral:

49



where A, B, C € R yields:

Substituting
u=x—1 Uy =x+1 us=x — 2
dup = dzx dus = dz dus = dx
yields:

1 1 1
= 2/—du1 —‘r/deQ —/dezg
U1 u us
All three integrals are standard:
=2In|uy| + Injuz| — Injus| + C

=In |ui| + In|ug| — In|us| + C

U%UQ

=1In +C

us3

Undoing the substitution(s):

=1 C
. T —2 ‘ +
Problem 67
623’)
/ T 1dw
Substituting
u=e—1
du = 2¢**dx
yields:
1 /1
=— [ —d
2 / U b
This integral is standard:
1

Undoing the substitution(s):

:%ln‘e%—l‘—ﬁ—c
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Problem 68

/ _ cos (a:) dx
sin“ (z) — 3sin (x) + 2
Substituting

u = sin(x)

du = cos(x)dx

yields:

1
_/u273u+2du

= [ oo™

Using partial fraction decomposition

A B
/(u—2+u—1>du

1 -1
/(u—2+u—1)du
1
:/ du—/ 1 du
u—2 u—1

vy =u—2 vy =u—1

Factoring the integral:

where A, B € R yields:

Substituting
dUl =du d’UQ =du
1 1
= fdl/l — / *d’UQ
U1 (%]

=In|vy| —In|vg| + C

yields:

Both integrals are standard:

= |2 +C
V2
Undoing the substitution(s):
sin(z) — 2
=ln|—+—|+C
. sin(z) — 1 ’ +

o1



Problem 69
/ 223 + 322+ 4
——dx

(@+1)"
Substituting
u=x-+1
u—l==x
du = dx

yields:

7 du

:/2(u—1)3—|—3(u—1)2+4

/2(u33u2+3u1)+3(u22u+1)+4
= A du

- 4

/2u3—6u2+6u—2+3u2—6u+3+4d
= u
u

du

_/2u3—3u2+5
S

u
2 3 5
—/(u‘uzwx)d“
1 1 1
:2/7du—3/—2du+5/—4du
u u u

All three are standard integrals:

3 )
=21 -———+4C
ful + u  3ud *
Undoing the substitution(s):
3 5
=21 1 - C
nlr + |+m+1 3(x+1)3+

Problem 70

sec? (z)
/ tan? (z) + 2tan (x) + 2CMj
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Rewriting the integral:

/ sec?(z)
5 dz
tan®(x) + 2tan(z) + 1+ 1

2
/ sec?(x) i
(tan(z) +1)2+1

Substituting
u = tan(x) + 1

du = sec?(x)dx

1
:/Td“
us 41

= arctan(u) + C

yields:

This integral is standard:

Undoing the substitution(s):

= arctan(tan(z) + 1) + C

Problem 71

/ 2?42 +1
t+ 222 +1
Rewriting the integral:

dz

/w3+x+x+w2+1
(22 +1)2

dx

_/x+z(:v2+l)+:c2+1
N (2 +1)2

- / ((a:2 i " J(ngl)z) " (;22: 11)2) “

T T 1
_/7(962+1)2da:+/7x2+1dx+/7x2+1dx

u=22+1

Substituting

du = 2xdx
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yields:

1 1 1 1
== | Sdu+= | =d
2/u2 u+2/uu

Both are standard integrals:

1 1
=gt 511r1|u\ + arctan(z) + C

Undoing the substitution(s):

1 1
=553 + §1n|x2 + 1’ + arctan(z) + C

Problem 72

Rewriting the integral:

Substituting

1+ u?

o4



yields:

1 2
75/ - . 5 du
1+Z2‘_2 1+u

=—-10 d
1—u2—2 1+u)™

— 1
0/17u2 5 oz

— 10
-1 - 3u2

1
=10 [ ———d
/ 1+ 32"
Both integrals are standard:

1
:_.T"_

7% arctan (\/gu) +C

Undoing the substitution(s):

= —x+ 1—\/% arctan (\/gtan (%)) +C

Problem 73
/x5\/ 3 — 1dx

Rewriting the integral:
= /m2 cx3\/ a3 — 1de

Substituting

u=2-1
u+1=23

du = 32°dz
yields:

:é/(u—&-l)\/ﬂdu
:é/(u‘r‘/zﬁ-\/ﬂ)du
:é/UB/Qdu—f—%/\/ﬂdu
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Both integrals are standard:
2 52,2 30
= — — C
IR R

Undoing the substitution(s):

2 5 2
= (2 - 1)% + §(:c3 -1)32 4 C

15
Problem 74
1
/ - dx
2 + 2cos () + sin (z)
Substituting
u = tan (E)
B 2
1
du = = sec? (f) dx
2
2
T2 =
yields:
1 2
:/ 1—u? 2u 1+ u2 du
2+2 (1+u2> Sl e
1
=2 d
/2(1+u2)+2(17u2)+2u “
1
=2 d
/2+2u2+2—2u2+2u Y
1
=2 d
/4+ 2"
1
= d
/2+u Y
Substituting
v=2+u
dv =du
yields:
1
= [ —dv
v
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This integral is standard:
=lnv|+C
Undoing the substitution(s):

zln’2+tan(g)‘+0

Problem 75
/ v/1+sin(
sec (
Rewriting the integral:

/cos )V 1+ sin(z)dx

Substituting
u =1+ sin(x)

du = cos(x)dx
yields:
= / Vudu
This integral is standard:
= gu?’/ 2y cC

3
Undoing the substitution(s):

2
= 5(1 +sin(z))*? + C

Problem 76
1
/ 22/3 (1 4 22/3) de
Substituting
u= vz
1
yields:
3 / L 4
B 1+ u? Y

This integral is standard:
= 3arctan(u) + C

Undoing the substitution(s):
= 3arctan ({/z) + C

o7



Problem 77

/ :11;1((292) de

= ) o
B %/cosl(z)dx
/sec(x)dw

1
=3 In |sec(x) + tan(z)| + C

Rewriting the integral:

N

This integral is standard:

Problem 78
/ V14 cos (x)dx

Rewriting the integral:

:/\/HT «/1—cosxd$

1 — cos(z)

/¢pm§

1 — cos

sin’(x)
——dz
v/1 — cos(z)

_ sin(z)

/1 — cos(z

Substituting
u=1—cos(z)

du = sin(z)dx

- [ Jeiu

98

yields:



This integral is standard:

=2y/u+C
Undoing the substitution(s):

=24/1—cos(z)+C
Problem 79
/ v/ 1+ sin (x)dx

Rewriting the integral:

= / v 1+ sin(z) - 7'178m(x)dx

1 —sin(z)

1 — sin?
_ sin”(z) i

/1 —sin(x)
_ cos?(x)
v/1 —sin(z)

cos(x)

N /1 —sin(x)

dzx

dx

Substituting
u=1—sin(x)
du = — cos(z)dx
yields:
|
=— | —du
Vu
This integral is standard:
=-2Vu+C
Problem 80
)
/ sec (;:) de
1 — tan® (z)
Substituting

u = tan(x)

du = sec?(x)dx

99



yields:

1
—/1_u2du

1 ’1—|—u
n

This integral is standard:

Undoing the substitution(s):

1, |1+ tan(x)
==1 C
. ’ 1 — tan(z) +
Problem 81
/ln(xz—l—x—i—l)dx
Using integration by parts where
u=1In(z*+2z+1) v=ux
2 1
du = de dv =dx
24+r+1
yields:
222 +
= 2 In(2? H— | ———
zln(z®+z+1) /x2+x+1x

Performing long division on the integral yields:

:—/(2—1—:62__;_]3;_?1)(11'
:—2/da:+/ 2iz2+1d
:—2/dx+/ ;; t;ld
rfae [ e

1 2¢ + 1 3
/m+ /x2+ +1 +2

1

2¢+1
=-2
/dx+ /x2+ +1d +6/4x2+4x+1+3dx

1 2 1
:—2/dm+ / 2$+ dr +6
zi+zx+1
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Substituting
w=z>+z+1 z=2zr+1

dw = (2z + 1)dx dz = 2dz

=-2 + = — + _

All three integrals are standard:

yields:

2 +11 lw| + 3acta <Z>+C
= —zX — Injw —= ar n| —
2 V3 V3

Undoing the substitution(s):

1 2 1
:xln(a:2—|—a:+1)—2x+21n’x2+x+1|+\/§arctan< vt )—l—C’

V3

Problem 82

/ez arcsin (e”) dx
Substituting

u=e"
du = e"dx
yields:
= / arcsin(u)du

This integral is standard:

=warcsin(u) + V1 —u2+C

Undoing the substitution(s):

= e” arcsin (¢%) + /1 — 27 + C

Problem 83
/ arctazl (z) i
T
Using integration by parts where:
= t = ——
u = arctan(z) v .
1 1
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yields:

arctan(zx) 1
- - d
x * / (1 + a?) v

Using partial fraction decomposition

_/ é_’_Ba:—I—C .
o x 1+ 22

where A, B,C € R yields:

Substituting
u=22+1
du = 2zdx
yields: L
:‘5/5“
This integral is standard:
= —% In|u| +C

Undoing the substitution(s):

t 1
:—%3ﬁ9+mm—§mw+u+c
X

_ arctan(z) N ln‘ x ‘ Lo
B x VaZ +1
Problem 84
22
[ =t
Vo2 =25
Rewriting the integral:
2
= / < dx
CE2
25 (25 o 1)

:;/\/@J;Qi_ldx

62



Substituting

secl = z
5

Hsecld = x

5secftan 0df = dx
yields:

B (5sec)?
) Vsec?l—1

sec® 0 tan @

Vtan? 6

= 25/sec3 0do

sec 0 tan 6d6

=25 do

This integral is standard:

1 1
25 (2 secftan 6 + §ln|sec6+tan9| +C’)

25 25
=3 secftan 6 + ?1n|se09 +tand| + C
Undoing the substitution(s):

r Va2—25 25
5T 5 T2

7% N 2 — 25
2

x
- C
5 5 *

1 25
= §x\/x2—25+?1n)x+\/x2—25‘+C’

Problem 85
3
/ * sdx
(x2+1)
Rewriting the integral:
/ x-x? e
) (224 1)2
Substituting
u=a?+1
u—1=2a?
du = 2xdzx
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yields:

Il
N | =
N\
SN
|
:w’_‘
N———
IS
<

1 /1 1 1
== [ —du— < | <du
2/ u 2 ) u?
All three integrals are standard:
1 1
==1 —-—+4+C
gl =gy *

Undoing the substitution(s

~

ln’xQ—l—l‘—i— C

1
2932+2+

N

Problem 86

1
—d
/ vV 6x — 22 v

Rewriting the integral:

1
:/ dzx
72v9 — 9+ 62 — 22

1
:/x\/9—(9—6x+x2)dm

- | v
_ 1 :E
_/x,/9(1—(3‘9’3>2)d
1 1
ZS/WCZ,@

Substituting
-z
o —
sin 3
3—3sinf =z
—3cosfdl = dx
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yields:

:_/ cos 40
(3 —3sinf)y/1 —sin?0

__/ cos 6 20
(3 — 3sinf)vcos? 0

1
- _/ 3 35m0""

1 1 1+sinf

- 3/1—sin9.1+sin9
1 1+ sinf
=— [ ————db
3/1fsin20
1 1+sin6
=—= [ ————db
3/ cos2 0
1 2
:_§ (sec 9+sec6tan9) do

= —%/sec2 0do — %/sec@tan@d&

Both integrals are standard:

1 1
= fgtanﬂfgsecﬂJrC

Undoing the substitution(s):
13- 13
3 Vbr—22 3 6x—2a?
_ =3 3
3V6xr — a2 36z — 22
z—6

3vV6x — z2

3z 42
37k dx
(2 +4)
Rewriting the integral:

2| et [
2 WA ()
2

+C

+C

Problem 87
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Substituting

u=22+4 tanf =

[N N R

du = 2zdx sec20do = ~dx

yields:

3 1 1 sec?
_2/u3/2du+2/(tan20+1)3/2d6

3 1 1 sec? 6
=— | —sdu+ = | ———=db
2/u3/2 ut 2/(36029)3/2
3 1 1 1
T2 / u3/2du+ 2 secha
3 1 1
:§/u3/2d +§/cosﬁd6
Both integrals are standard:
3 1
Undoing the substitution(s):
3 1 z
= - —+C
24+4 2 /x244
- % ¢
2vx? 4+ 4
Problem 88
/ 2%/%1n (z) da:
Using integration by parts where
2
u = In(x) v = 2g5/2
5
1 3/2
du = Edaz dv = z*/“dx
yields:
2 2
5305/2 In(x) R /x3/2d:13

This integral is standard:



Problem 89

/\/1—|—sm Jc

sec CSC 117

Rewriting the integral;

= /sin(x) cos(z)y/1 + sin®(z)dx
Substituting
u =1+ sin?(z)

du = 2sin(x) cos(z)dx

:%/\/ﬂdu

1
= §u3/2 + C

yields:
This integral is standard:

Undoing the substitution(s):

(1 +sin®(2))** + €

c,o\»—l

Problem 90

Rewriting the integral:

sin(x)
Substituting
u = +/sin(x)
du = cos(x) i
24/sin(z)
yields
=2 / e'du
This integral is standard:
=2e"4+C

Undoing the substitution(s):

_ 2ey/sin(x) +C
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Problem 91
/xex sin(z)dx

Recall that

1 1
e’ sin(x)dx = iez sin(z) — 5690 cos(x)
Using integration by parts where
Sign D I
+ xe® sin(x)
- e* +ze® | —cos(z)
+ | 2e” +ze” | —sin(x)

yields:
= —xe” cos(x) + e” sin(z)(1 + x) — /e“: sin(x)(2 + z)dz
2/966I sin(x)dx = —xe® cos(z) + e” sin(x)(1 + z) — 2 / e’ sin(z)dx
= —ze” cos(z) + ze” sin(x) + ¥ sin(z) — e” sin(z) + €” cos(x)
. 1 . 1
/xem sin(z)dx = ixem(sm(z) —cos(z)) + ie”” cos(x) + C
Problem 92

3/2
/xQeI dx

3/2
=/$3/2'$1/2€m dx

Rewriting the integral:

Substituting
u=a%"?
3
du = ~2'?dx
2
yields:
2 / ug
== [ uedu
3
Using integration by parts where
w=u v=e"
dw = du dv = e*du
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yields:

This integral is standard:

Undoing the substitution(s):

= gl‘ —€ +C
Problem 93
t
/arc an (3;") iz
(z—1)
Using integration by parts where
tan(z) S
= arctan =
u = arctan(z v 2(:071)296
du = L dx dv = #dx
1+ a2 (x—1)3
yields:
_ _ arctan() N 1/ 1 i
2 -1  2) (14+22)(x—1)2

Using partial fraction decomposition

71/ Ax+BJr C n D d
o)1t T -1

where A, B,C, D € R yields:
1 ir+0 -1 1
== d
2 <x2+1+m—1+(1;1)2 v
_1/ x 1 n 1 J
Y AV R R PR el

1 x 17 1 1 1
o s ——de+ s [ ——a
4/x2+1x 4/x71$+4/(x71)2x

wy =22 +1 wy=x—1

Substituting

dw; = 2zdx dwy = dx
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yields:

1 1 1 1 1 1
=— [ —dw, —~ [ —d = | =d
8 w1 w 4 / w2 w2 + 4 / w% w2

All three integrals are standard:

L oy | — 2 o o] — —
=-Injwi| — - In|ws| — —
8 Uy 217 A,y
71 w1 1

8 |wi|  dws

Undoing the substitution(s):

arctan(z) 1 22 +1 1
=——"F+ - — C
212 8 M @—12| dz-1
Problem 94
/ln (1 + \/E) dx
Substituting
u=1++r
u—1=+x
w?—2u+1l=x
(2u — 2)du = dzx
yields:
= /1n(u)(2u —2)du
=2 / wln(u)du — 2/ln(u)du
Using integration by parts where
= Inu) = 5w
w = In(u v=gu
1
dw = —du dv = udu
u
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yields:

=u?In(u) — /udu
The remaining two integrals are standard:

1
= u?In(u) — §u2 —2uln(u) +2u+C

=uln(u) (u—2) — %uz +2u+C
Undoing the substitution(s):
1
= (1+ V@) In(1+ V) (Vo —1) = 5 (1+Va) +2va+C

Problem 95
2x+ 3 e
V3 4+ 62 — 922

Rewriting the integral:

24,11
23:—3—|—3

— % (x
V3 + 6z — 922

1 6 — 18z 11/ 1
9) V3+6x—-922 3 ) VA—1+6x— 922

1 6 — 18z +11/ 1 d
= —— _— — €T
9) V3+6:—922 3 ) JI—(1-6z+92?)

1 6 — 18z 11/ 1
S R e ORI (S —
9) V3+6x—922 3 ) /4—(1-3x)?

Substituting
u =3+ 6z — 92 v=1-3z
du = (6 — 18z)dx dv = —3dzx
yields:
1 / 1 d 11 / 1 d
=— [ —du— — | —=dv
9/ Vu 9 | V4—2
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Both integrals are standard:

2 11
=—gVu- Earcsin (g) +C

Undoing the substitution(s):

2 11 1-3
:—9\/3+6x—9x2—garcsin< 5 m)—i—C

Problem 96
| rrmerre@
2 4 2sin (x) 4 cos () .
Substituting
x
u = tan (5)
du = 1sec2 (f) dzr
2
2
1o ——du =dx
yields:

9
N1 s du
2+2 1?;;2 +(1;jjz) tu

2

2+2u2+4u+1—u2

/
: [
/

<u+3><u+1>d“

_1 1
=9 2 2
(u+3+u+1)du

1 1
= — 7du+/7du
u+3 u—+1
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Substituting
vy =u—+3 v =u-+1

dvy = du dvy = du

1 1
:—/—dvl—k/*dw
V1 (%)

Both integrals are standard:

yields:

=—In|v1|+Infve| +C

U2

=1In +C

U1

Undoing the substitution(s):

Problem 97

Rewriting the integral:

sin(x)(1 — cos(x))(1 + cos(z))

1 — cos(z) de

sin(x)(1 + cos(x))dx

Substituting
u =1+ cos(z)

du = —sin(z)dx

z/udu

73
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This integral is standard:

1
:§U2+C

Undoing the substitution(s):

= %(1 + cos(x))* + C

Problem 98
/x3/2 arctan (v/z) dz
Using integration by parts where:
2
u = arctan (v/z) v = 515/2
dw = ;d:c dv = 2%/ %dz
2y/x(1+x)
yields:
2 1 2
= gw5/2 arctan (v/z) — 5/ lixdx
Substituting
w=14+zx
w—1=u=x
dw = dx
yields:
1 _ 2
_ 1 / (w—1) dw
) w
1 / w? — 2w +1
=—= dw
) w

1 2 1 1

All three integrals are standard:

1 2 1
—1—011/2 + FW gln|w| +C
Undoing the substitution(s):

1

2 2 1
= gx5/zarctan (Vo) = =142+ Z(1+2)— 51n|1—|—x| +C

10 )
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Problem 99
/ arcsec (vz) dx

Substituting
u=+
w? =z
2udu = dz
yields:

= 2/uarcsec(u)du

Using integration by parts where:

1
w = arcsec(u) v= §u2
1
dw = ————=du dv = udu
uvu? — 1
yields:
1 1 u?
=2 =u? arcsec(u) — /du)
(2 () 2) uwu?—1
= u? arcsec(u) — / Y
Vvu? -1
Substituting
z=u?—-1
dz = 2udu
yields:

1 1
2
= u” arcsec(u) 5 / \/Edz

This integral is standard:
= u? arcsec(u) — vz + C
Undoing the substitution(s):

= warcsec (Vz) —Vz —1+C

()



Problem 100

Substituting

yields:

:1 COSQ\/ls%HH’ls%nﬁdo
2 1+sinf@ 1—sinf

Il
N =
—

(1 — sin6)do

1 1 .
:§/d9—§/sm€d9

Both integrals are standard:
1 1
= 59 + 5 cos 0+C
Undoing the substitution(s):

= %arcsin (xz) + %\/1 -zt +C
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4 Advanced Integrals - Proofs

Advanced Integral 1

/sec3 (z)dx

Rewriting the integral:

= /sec(m) sec?(z)dx
Using integration by parts where
u = sec(x) v = tan(z)
du = sec(z) tan(z)dx dv = sec?(z)dx

yields:

— sec(z) tan(z) — / sec(z) tan?(z)da

— sec(z) tan(z) — / sec(z)(sec2(z) — 1)dz

— sec(z) tan(z) — / (sec®(x) — sec(x))dz

— sec(z) tan(z) — / sec®(@)dx + / sec(z)dz
2 / sec®()dz = sec(x) tan(z) + In [sec(z) + tan(z)| + C

1 1
=3 sec(z) tan(x) + 3 In [sec(z) + tan(z)| + C

Advanced Integral 2

/arcsin(x)dx
Using integration by parts where
u = arcsin(z) v==x
du = ! dz dv =dx
Vie

yields:

T arcsin

(x) —/\/%dx

(s



Substituting
u=1-—2>
du = —2zdx
yields:

1 1
:i/ﬁdu

=Vu+C

This integral is standard:

Undoing the substitution(s):
= xarcsin(z) + Vi—a2+C
Advanced Integral 3
/ arccos(x)dx

Using integration by parts where

u = arccos(z)

du = —ﬁdm dv =dx
yields:
x arccos(x) + / 71%952@;
Substituting
u=1-z°
du = —2zdz
yields:

Y

=—Vu+C

This integral is standard:

Undoing the substitution(s):

= zarccos(x) — Vi—az2+C

8



Advanced Integral 4

/arctan(m)da:
Using integration by parts where
u = arctan(z) v=1
1
yields:
tan(z) / r
= zarctan(z) — [ ——dx
14 22
Substituting
u=1+z?
du = 2xdx
yields:

This integral is standard:

1
= rarctan(z) — §ln|1 +12{ +C

Advanced Integral 5

/ Va2 + a?dx

[ ()

Rewriting the integral:

Substituting

Advanced Integral 6

/ V2 — a?dx
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Advanced Integral 7

/ Va2 — x%dx

Advanced Integral 8

1
/Terazda:
1
/7x2—a2daj
1
/7(12 _dex

Advanced Integral 9
Advanced Integral 10

Advanced Integral 11

1
——dx
/ Va2 + a?

Advanced Integral 12

1
/ Vo
Advanced Integral 13

1
/ Va2 —xzdm

/ sin™ () da

Advanced Integral 14

Advanced Integral 15
/ cos™(x)dx
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